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Abstract
The two-component analogue of two-dimensional long wave–short wave
resonance interaction equations is derived in a physical setting. Wronskian
solutions of the integrable two-component analogue of two-dimensional long
wave–short wave resonance interaction equations are presented.

PACS numbers: 02.30.Jr, 05.45.Yv

1. Introduction

Recently, vector soliton equations (or coupled soliton equations) such as the vector nonlinear
Schrödinger (vNLS) equation have received much attention in mathematical physics and
nonlinear physics. Especially, the vNLS equation has been studied by several researchers
from both mathematical and physical points of view [1–5]. It was pointed out that vector
solitons can be used in the construction of logic gates [6–8]. It was also pointed out that the
Yang–Baxter map is the key to understanding the mathematical structure of logic gates based
on vector solitons [4, 9, 10].

Although there are many works about one-dimensional vector solitons, a mathematical
work about two-dimensional vector solitons is still missing. For a more complete
understanding of the mathematical structure of vector solitons, the study of two-dimensional
vector solitons is very important.

In this paper, we derive a two-component analogue of two-dimensional long wave–short
wave resonance interaction (2c–2d-LSRI) equations in a physical setting. We also present the
Wronskian solution of the integrable 2c–2d-LSRI equations.
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2. Derivation

Consider the interaction of nonlinear dispersive waves on three channels, e.g. laser beams
on some dispersive material. Suppose that the dispersion relations of these weakly nonlinear
waves are

ωi = ωi(kx,i , ky,i : |A1|2, |A2|2, |A3|2), for i = 1, 2, 3,

where ωi and Ai are angular frequencies and amplitudes of each channel i, respectively.
Suppose that carrier wave is expressed by exp(i(kx,0x + ky,0y − ω0t)). Taylor expansion
around k0 = (kx,0, ky,0), ω0 and |Ai | = 0 makes

ωi − ω0 =
(

∂ωi

∂kx,i

)
0

(kx,i − kx,0) +

(
∂ωi

∂ky,i

)
0

(ky,i − ky,0) +
1

2

(
∂2ωi

∂k2
x,i

)
0

(kx,i − kx,0)
2

+
1

2

(
∂2ωi

∂k2
y,i

)
0

(ky,i − ky,0)
2 +

(
∂2ωi

∂kx,iky,i

)
0

(kx,i − kx,0)(ky,i − ky,0)

+

(
∂ωi

∂|A1|2
)

0

|A1|2 +

(
∂ωi

∂|A2|2
)

0

|A2|2 +

(
∂ωi

∂|A3|2
)

0

|A3|2 + · · · ,
for i = 1, 2, 3, (2.1)

where the subscript 0 of ( )0 means setting kx,i = kx,0, ky,i = ky,0, ωi = ω0 and |Ai | = 0.
Replacing ωi, kx,i and ky,i to operators by the rules ωi − ω0 ∼ i∂/∂t, kx,i − kx,0 ∼
−i∂/∂x, ky,i − ky,0 ∼ −i∂/∂y, and applying those equations to Ai(x, y, t), we obtain

i
∂Ai

∂t
+ i

(
∂ωi

∂kx,i

)
0

∂Ai

∂x
+ i

(
∂ωi

∂ky,i

)
0

∂Ai

∂y
+

1

2

(
∂2ωi

∂k2
x,i

)
0

∂2Ai

∂x2
+

1

2

(
∂2ωi

∂k2
y,i

)
0

∂2Ai

∂y2

+

(
∂2ωi

∂kx,i∂ky,i

)
0

∂2Ai

∂x∂y
−

(
∂ωi

∂|A1|2
)

0

|A1|2Ai −
(

∂ωi

∂|A2|2
)

0

|A2|2Ai

−
(

∂ωi

∂|A3|2
)

0

|A3|2Ai = 0, for i = 1, 2, 3. (2.2)

By the transformation of coordinates

x ′ = x −
(

∂ω3

∂kx,3

)
0

t, y ′ = y −
(

∂ω3

∂ky,3

)
0

t, t ′ = t,

we obtain

i
∂A1

∂t
+ ivx,1

∂A1

∂x
+ ivy,1

∂A1

∂y
+

1

2

(
∂2ω1

∂k2
x,1

)
0

∂2A1

∂x2
+

1

2

(
∂2ω1

∂k2
y,1

)
0

∂2A1

∂y2
+

(
∂2ω1

∂kx,1∂ky,1

)
0

∂2A1

∂x∂y

−
(

∂ω1

∂|A1|2
)

0

|A1|2A1 −
(

∂ω1

∂|A2|2
)

0

|A2|2A1 −
(

∂ω1

∂|A3|2
)

0

|A3|2A1 = 0,

(2.3)

i
∂A2

∂t
+ ivx,2

∂A2

∂x
+ ivy,2

∂A2

∂y
+

1

2

(
∂2ω2

∂k2
x,2

)
0

∂2A2

∂x2
+

1

2

(
∂2ω2

∂k2
y,2

)
0

∂2A2

∂y2
+

(
∂2ω2

∂kx,2∂ky,2

)
0

∂2A2

∂x∂y

−
(

∂ω2

∂|A1|2
)

0

|A1|2A2 −
(

∂ω2

∂|A2|2
)

0

|A2|2A2 −
(

∂ω2

∂|A3|2
)

0

|A3|2A2 = 0,

(2.4)
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i
∂A3

∂t
+

1

2

(
∂2ω3

∂k2
x,3

)
0

∂2A3

∂x2
+

1

2

(
∂2ω3

∂k2
y,3

)
0

∂2A3

∂y2
+

(
∂2ω3

∂kx,3∂ky,3

)
0

∂2A3

∂x∂y
−

(
∂ω3

∂|A1|2
)

0

|A1|2A3

−
(

∂ω3

∂|A2|2
)

0

|A2|2A3 −
(

∂ω3

∂|A3|2
)

0

|A3|2A3 = 0, (2.5)

where

vx,1 =
(

∂ω1

∂kx,1

)
0

−
(

∂ω3

∂kx,3

)
0

, vy,1 =
(

∂ω1

∂ky,1

)
0

−
(

∂ω3

∂ky,3

)
0

,

vx,2 =
(

∂ω2

∂kx,2

)
0

−
(

∂ω3

∂kx,3

)
0

, vy,2 =
(

∂ω2

∂ky,2

)
0

−
(

∂ω3

∂ky,3

)
0

,

and x ′, y ′, t ′ are replaced by x, y, t . This is a generalization of the vector nonlinear Schrödinger
equation (Manakov system) [2, 11].

Now, consider the situation in which vx,1 and vx,2 are neglected. For notational
convenience, we rewrite the above equations as

i
∂A1

∂t
+ ivy,1

∂A1

∂y
+ α1

∂2A1

∂x2
+ α2

∂2A1

∂y2
+ α3

∂2A1

∂x∂y
+ α4|A1|2A1 + α5|A2|2A1 + α6|A3|2A1 = 0,

(2.6)

i
∂A2

∂t
+ ivy,2

∂A2

∂y
+ β1

∂2A2

∂x2
+ β2

∂2A2

∂y2
+ β3

∂2A2

∂x∂y
+ β4|A1|2A2 + β5|A2|2A2 + β6|A3|2A2 = 0,

(2.7)

i
∂A3

∂t
+ γ1

∂2A3

∂x2
+ γ2

∂2A3

∂y2
+ γ3

∂2A3

∂x∂y
+ γ4|A1|2A3 + γ5|A2|2A3 + γ6|A3|2A3 = 0. (2.8)

Assume that the channel 3 is normal dispersion and the channels 1 and 2 are anomalous
dispersion. We study the dark pulses generated in the channel 3:[12]

A1 = ψ1 exp(iδ1t), A2 = ψ2 exp(iδ2t), A3 = (u0 + a(x, y, t)) exp(i�t + iφ(x, y, t))),

δ1 = −
(

∂ω1

∂|A3|2
)

0

u2
0, δ2 = −

(
∂ω2

∂|A3|2
)

0

u2
0, � = −

(
∂ω3

∂|A3|2
)

0

u2
0,

where a and ψi(i = 1, 2) are small. Substituting these into equations (2.6)–(2.8), we obtain

∂a

∂t
+ γ1u0

∂2φ

∂x2
+ γ2u0

∂2φ

∂y2
+ γ3u0

∂2φ

∂x∂y
= 0, (2.9)

−u0
∂φ

∂t
+ γ1

∂2a

∂x2
+ γ2

∂2a

∂y2
+ γ3

∂2a

∂x∂y
+ γ4u0|ψ1|2 + γ5u0|ψ2|2 + 3γ6u

2
0a = 0, (2.10)

i
∂ψ1

∂t
+ ivy,1

∂ψ1

∂y
+ α1

∂2ψ1

∂x2
+ α2

∂2ψ1

∂y2
+ α3

∂2ψ1

∂x∂y
+ α4|ψ1|2ψ1 + α5|ψ2|2ψ1 + 2α6u0aψ1 = 0,

(2.11)

i
∂ψ2

∂t
+ ivy,2

∂ψ2

∂y
+ β1

∂2ψ2

∂x2
+ β2

∂2ψ2

∂y2
+ β3

∂2ψ2

∂x∂y
+ β4|ψ1|2ψ2 + β5|ψ2|2ψ2 + 2β6u0aψ2 = 0.

(2.12)
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Assume that the y-dependency of φ can be neglected, i.e. we can neglect φy and φyy . Then
equation (2.9) reduces to

∂a

∂t
+ γ1u0

∂2φ

∂x2
= 0,

i.e.,

∂2φ

∂x2
= − 1

γ1u0

∂a

∂t
.

Substituting this into equation (2.10), we have

∂2a

∂t2
+ 3γ1γ6u

2
0
∂2a

∂x2
+ γ 2

1
∂4a

∂x4
+ γ1γ2

∂4a

∂x2∂y2
+ γ1γ3

∂4a

∂x3∂y
+ γ1

∂2

∂x2
(γ4u0|ψ1|2 + γ5u0|ψ2|2)= 0.

(2.13)

By

t ′ = εt, x ′ = ε1/2(x + ct), y ′ = εy,(
c = 3γ1γ6u

2
0

)
with a = εa0, ψ1 = ε3/4�1, ψ2 = ε3/4�2 (ε is small), we obtain equations of

lowest order of ε:

2c
∂2a

∂x∂t
+ γ1

∂2

∂x2
(γ4u0|ψ1|2 + γ5u0|ψ2|2) = 0, (2.14)

i
∂ψ1

∂t
+ ivy,1

∂ψ1

∂y
+ α1

∂2ψ1

∂x2
+ 2α6u0aψ1 = 0, (2.15)

i
∂ψ2

∂t
+ ivy,2

∂ψ2

∂y
+ β1

∂2ψ2

∂x2
+ 2β6u0aψ2 = 0. (2.16)

Here we again have disregarded the primes and have replaced a0,�1 and �2 with a,ψ1 and
ψ2. The first equation leads to

2c
∂a

∂t
+ γ1

∂

∂x
(γ4u0|ψ1|2 + γ5u0|ψ2|2) = 0. (2.17)

This system is nothing but the two-component analogue of two-dimensional analogue of the
long wave–short wave resonance interaction (2c–2d-LSRI) equations[13–16]. Note that the
special case of coefficients (vy,1 = vy,2, α1 = β1, α6 = β6, γ4 = γ5) is integrable. In the one-
component integrable case, several solutions have been presented [15, 17–19]. In [20], some
solutions of matrix generalization were discussed. In the following section, we will present
the determinant formula of N-soliton solution for the integrable 2c–2d-LSRI equations.

3. Soliton solutions

We study the soliton solutions of an integrable case of the 2c–2d-LSRI equations

i
(
S

(1)
t + S(1)

y

) − S(1)
xx + LS(1) = 0, (3.1)

i
(
S

(2)
t + S(2)

y

) − S(2)
xx + LS(2) = 0, (3.2)

Lt = 2(|S(1)|2)x + 2(|S(2)|2)x. (3.3)

By the dependent variable transformation

S(1) = G

F
, S(2) = H

F
, L = −2

∂2

∂x2
log F, (3.4)
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we have three bilinear equations[
i(Dt + Dy) − D2

x

]
G · F = 0, (3.5)[

i(Dt + Dy) − D2
x

]
H · F = 0, (3.6)

(DtDx − 2c)F · F + 2GG∗ + 2HH ∗ = 0. (3.7)

Here we set c = 0 which means we consider the bright-type soliton solutions. These bilinear
equations belong to the three-component KP hierarchy [21–24]. We can construct soliton
solutions in which the number of solitons in channel i is Ni (i = 1, 2, 3). We call this solution
(N1, N2, N3)-soliton solution.

Wronskian form of the bright type (N,M,N + M)-soliton solutions:

Let

τNM
nm =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 ϕ
(1)
1 · · · ϕ

(N+M−1+n+m)
1 ψ1 ψ

(1)
1 · · · ψ

(N−1−n)
1 0 0 · · · 0

ϕ2 ϕ
(1)
2 · · · ϕ

(N+M−1+n+m)
2 ψ2 ψ

(1)
2 · · · ψ

(N−1−n)
2 0 0 · · · 0

...
...

...
...

...
...

...
...

...

ϕ2N ϕ
(1)
2N · · · ϕ

(N+M−1+n+m)
2N ψ2N ψ

(1)
2N · · · ψ

(N−1−n)
2N 0 0 · · · 0

φ1 φ
(1)
1 · · · φ

(N+M−1+n+m)
1 0 0 · · · 0 χ1 χ

(1)
1 · · · χ

(M−1−m)
1

φ2 φ
(1)
2 · · · φ

(N+M−1+n+m)
2 0 0 · · · 0 χ2 χ

(1)
2 · · · χ

(M−1−m)
2

...
...

...
...

...
...

...
...

...

φ2M φ
(1)
2M · · · φ

(N+M−1+n+m)
2M 0 0 · · · 0 χ2M χ

(1)
2M · · · χ

(M−1−m)
2M

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ϕi = eξi , ξi = pix1 + p2

i x2, for i = 1, 2, · · · , N
ϕN+i = e−ξ∗

i , −ξ ∗
i = −p∗

i x1 + (−p∗
i )

2x2, for i = 1, 2, · · · , N
φi = eθi , θi = six1 + s2

i x2, for i = 1, 2, · · · ,M
φM+i = e−θ∗

i , −θ∗
i = −s∗

i x1 + (−s∗
i )

2x2, for i = 1, 2, · · · ,M
ψi = ai eηi , ηi = qiy1 + ηi0, for i = 1, 2, · · · , N
ψN+i = aN+i e−η∗

i , −η∗
i = −q∗

i y1 − η∗
i0, for i = 1, 2, · · · , N

χi = bi eζi , ζi = riz1 + ζi0, for i = 1, 2, · · · ,M
χM+i = bM+i e−ζ ∗

i , −ζ ∗
i = −r∗

i z1 − ζ ∗
i0, for i = 1, 2, · · · ,M

ai =


 N∏

k=1
k �=i

pk − pi

qk − qi




(
M∏
l=1

(sl − pi)

)
, for i = 1, 2, · · · , N

aN+i = εi

(
N∏

k=1

pk + p∗
i

qk + q∗
i

)(
M∏
l=1

(sl + p∗
i )

)
, for i = 1, 2, · · · , N

bi =
(

N∏
k=1

(pk − si)

)
 M∏

l=1
l �=i

sl − si

rl − ri


 , for i = 1, 2, · · · ,M

bM+i = δi

(
N∏

k=1

(pk + s∗
i )

)(
M∏
l=1

sl + s∗
i

rl + r∗
i

)
, for i = 1, 2, · · · ,M

εi = ±1, δi = ±1,
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where ∗ means complex conjugate and pi, qi (1 � i � N) and si, ri (1 � i � M) are complex
wave numbers, and ηi0 (1 � i � N) and ζi0 (1 � i � M) are complex phase parameters.
In order to obtain regular solutions, we have to choose appropriate sign for εi and δi , which
depend on parameters pi, qi, ri, si . We take

x1 = x, x2 = −iy, y1 = y − t, z1 = y − t,

where x, y and t are real , (i.e. x1, y1 and z1 are real and x2 is pure imaginary).
Let

f = τ00, g = τ10, ḡ = τ−1,0, h = τ01, h̄ = τ0,−1.

These tau-functions satisfy the condition(
g

f

)∗
= ḡ

f
,

(
h

f

)∗
= h̄

f
,

fG : real,

where G is an exponential factor which is a gauge function (see the appendix). Let F = fG,

G = gG,G∗ = ḡG,H = hG,H ∗ = h̄G. The functions F,G and H satisfy the bilinear
equations (3.5)–(3.7) and reality of F and complex conjugacy of G and H. The function
L = −2 ∂2

∂x2 log F represents (N + M)-soliton solution, S1 = G/F represents N-soliton
solution and S2 = H/F represents M-soliton solution.

(1, 1, 2)-soliton solution

The τ -functions of (1, 1, 2)-soliton solution are the following:

f =

∣∣∣∣∣∣∣∣∣

ϕ1 ϕ
(1)
1 ψ1 0

ϕ2 ϕ
(1)
2 ψ2 0

φ1 φ
(1)
1 0 χ1

φ2 φ
(1)
2 0 χ2

∣∣∣∣∣∣∣∣∣
, g =

∣∣∣∣∣∣∣∣∣

ϕ1 ϕ
(1)
1 ϕ

(2)
1 0

ϕ2 ϕ
(1)
2 ϕ

(2)
2 0

φ1 φ
(1)
1 φ

(2)
1 χ1

φ2 φ
(1)
2 φ

(2)
2 χ2

∣∣∣∣∣∣∣∣∣
, ḡ =

∣∣∣∣∣∣∣∣∣

ϕ1 ψ1 ψ
(1)
1 0

ϕ2 ψ2 ψ
(1)
2 0

φ1 0 0 χ1

φ2 0 0 χ2

∣∣∣∣∣∣∣∣∣
,

h =

∣∣∣∣∣∣∣∣∣

ϕ1 ϕ
(1)
1 ϕ

(2)
1 ψ1

ϕ2 ϕ
(1)
2 ϕ

(2)
2 ψ2

φ1 φ
(1)
1 φ

(2)
1 0

φ2 φ
(1)
2 φ

(2)
2 0

∣∣∣∣∣∣∣∣∣
, h̄ =

∣∣∣∣∣∣∣∣∣

ϕ1 ψ1 0 0
ϕ2 ψ2 0 0

φ1 0 χ1 χ
(1)
1

φ2 0 χ2 χ
(1)
2

∣∣∣∣∣∣∣∣∣
,

ϕ1 = eξ1 , ξ1 = p1x1 + p2
1x2, ϕ2 = e−ξ∗

1 , −ξ ∗
1 = −p∗

1x1 + (−p∗
1)

2x2,

φ1 = eθ1 , θ1 = s1x1 + s2
1x2, φ2 = e−θ∗

1 , −θ∗
1 = −s∗

1x1 + (−s∗
1 )2x2,

ψ1 = a1 eη1 , η1 = q1y1 + η10, ψ2 = a2 e−η∗
1 , −η∗

1 = −q∗
1 y1 − η∗

10,

χ1 = b1 eζ1 , ζ1 = r1z1 + ζ10, χ2 = b2 e−ζ ∗
1 , −ζ ∗

1 = −r∗
1 z1 − ζ ∗

10,

a1 = s1 − p1, b1 = p1 − s1, a2 = ε(s1 + p∗
1)

p1 + p∗
1

q1 + q∗
1

, b2 = δ(s∗
1 + p1)

s1 + s∗
1

r1 + r∗
1

,

ε = ±1, δ = ±1,

and x1 = x, x2 = −iy, y1 = y − t, z1 = y − t .
Figure 1 shows the (1, 1, 2)-soliton solution. In the fields S1 and S2, there is the single

soliton. However, each solitons in S1 and S2 interact through the field L. So the behaviour
of solitons looks like two-soliton solution, i.e., we see the phase shift in the region of the
interaction (see the bottom graph in figure 1).

(2, 2, 4)-soliton solution

The τ -functions of (2, 2, 4)-soliton solution are the following:
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Figure 1. (1, 1, 2)-soliton solution. p1 = 2 + 2i, s1 = −1 + i, q1 = −2 + i, r1 = 1 + i, ε = δ = 1.
The top left graph is −L, the top right graph is S(1) and the bottom graph is S(2) at t = 0.

f =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 ϕ
(1)
1 ϕ

(2)
1 ϕ

(3)
1 ψ1 ψ

(1)
1 0 0

ϕ2 ϕ
(1)
2 ϕ

(2)
2 ϕ

(3)
2 ψ2 ψ

(1)
2 0 0

ϕ3 ϕ
(1)
3 ϕ

(2)
3 ϕ

(3)
3 ψ3 ψ

(1)
3 0 0

ϕ4 ϕ
(1)
4 ϕ

(2)
4 ϕ

(3)
4 ψ4 ψ

(1)
4 0 0

φ1 φ
(1)
1 φ

(2)
1 φ

(3)
1 0 0 χ1 χ

(1)
1

φ2 φ
(1)
2 φ

(2)
2 φ

(3)
2 0 0 χ2 χ

(1)
2

φ3 φ
(1)
3 φ

(2)
3 φ

(3)
3 0 0 χ3 χ

(1)
3

φ4 φ
(1)
4 φ

(2)
4 φ

(3)
4 0 0 χ4 χ

(1)
4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

g =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 ϕ
(1)
1 ϕ

(2)
1 ϕ

(3)
1 ϕ

(4)
1 ψ1 0 0

ϕ2 ϕ
(1)
2 ϕ

(2)
2 ϕ

(3)
2 ϕ

(4)
2 ψ2 0 0

ϕ3 ϕ
(1)
3 ϕ

(2)
3 ϕ

(3)
3 ϕ

(4)
3 ψ3 0 0

ϕ4 ϕ
(1)
4 ϕ

(2)
4 ϕ

(3)
4 ϕ

(4)
4 ψ4 0 0

φ1 φ
(1)
1 φ

(2)
1 φ

(3)
1 φ

(4)
1 0 χ1 χ

(1)
1

φ2 φ
(1)
2 φ

(2)
2 φ

(3)
2 φ

(4)
2 0 χ2 χ

(1)
2

φ3 φ
(1)
3 φ

(2)
3 φ

(3)
3 φ

(4)
3 0 χ3 χ

(1)
3

φ4 φ
(1)
4 φ

(2)
4 φ

(3)
4 φ

(4)
4 0 χ4 χ

(1)
4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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ḡ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 ϕ
(1)
1 ϕ

(2)
1 ψ1 ψ

(1)
1 ψ

(2)
1 0 0

ϕ2 ϕ
(1)
2 ϕ

(2)
2 ψ2 ψ

(1)
2 ψ

(2)
2 0 0

ϕ3 ϕ
(1)
3 ϕ

(2)
3 ψ3 ψ

(1)
3 ψ

(2)
3 0 0

ϕ4 ϕ
(1)
4 ϕ

(2)
4 ψ4 ψ

(1)
4 ψ

(2)
4 0 0

φ1 φ
(1)
1 φ

(2)
1 0 0 0 χ1 χ

(1)
1

φ2 φ
(1)
2 φ

(2)
2 0 0 0 χ2 χ

(1)
2

φ3 φ
(1)
3 φ

(2)
3 0 0 0 χ3 χ

(1)
3

φ4 φ
(1)
4 φ

(2)
4 0 0 0 χ4 χ

(1)
4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

h =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 ϕ
(1)
1 ϕ

(2)
1 ϕ

(3)
1 ϕ

(4)
1 ψ1 ψ

(1)
1 0

ϕ2 ϕ
(1)
2 ϕ

(2)
2 ϕ

(3)
2 ϕ

(4)
2 ψ2 ψ

(1)
2 0

ϕ3 ϕ
(1)
3 ϕ

(2)
3 ϕ

(3)
3 ϕ

(4)
3 ψ3 ψ

(1)
3 0

ϕ4 ϕ
(1)
4 ϕ

(2)
4 ϕ

(3)
4 ϕ

(4)
4 ψ4 ψ

(1)
4 0

φ1 φ
(1)
1 φ

(2)
1 φ

(3)
1 φ

(4)
1 0 0 χ1

φ2 φ
(1)
2 φ

(2)
2 φ

(3)
2 φ

(4)
2 0 0 χ2

φ3 φ
(1)
3 φ

(2)
3 φ

(3)
3 φ

(4)
3 0 0 χ3

φ4 φ
(1)
4 φ

(2)
4 φ

(3)
4 φ

(4)
4 0 0 χ4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

h̄ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 ϕ
(1)
1 ϕ

(2)
1 ψ1 ψ

(1)
1 0 0 0

ϕ2 ϕ
(1)
2 ϕ

(2)
2 ψ2 ψ

(1)
2 0 0 0

ϕ3 ϕ
(1)
3 ϕ

(2)
3 ψ3 ψ

(1)
3 0 0 0

ϕ4 ϕ
(1)
4 ϕ

(2)
4 ψ4 ψ

(1)
4 0 0 0

φ1 φ
(1)
1 φ

(2)
1 0 0 χ1 χ

(1)
1 χ

(2)
1

φ2 φ
(1)
2 φ

(2)
2 0 0 χ2 χ

(1)
2 χ

(2)
2

φ3 φ
(1)
3 φ

(2)
3 0 0 χ3 χ

(1)
3 χ

(2)
3

φ4 φ
(1)
4 φ

(2)
4 0 0 χ4 χ

(1)
4 χ

(2)
4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 = eξ1 , ξ1 = p1x1 + p2
1x2, ϕ2 = eξ2 , ξ2 = p2x1 + p2

2x2,

ϕ3 = e−ξ∗
1 , −ξ ∗

1 = −p∗
1x1 + (−p∗

1)
2x2, ϕ4 = e−ξ∗

2 , −ξ ∗
2 = −p∗

2x1 + (−p∗
2)

2x2,

φ1 = eθ1 , θ1 = s1x1 + s2
1x2, φ2 = eθ2 , θ2 = s2x1 + s2

2x2,

φ3 = e−θ∗
1 , −θ∗

1 = −s∗
1x1 + (−s∗

1 )2x2, φ4 = e−θ∗
2 , −θ∗

2 = −s∗
2x1 + (−s∗

2 )2x2,

ψ1 = a1 eη1 , η1 = q1y1 + η10, ψ2 = a2 eη2 , η2 = q2y1 + η20,

ψ3 = a3 e−η∗
1 , −η∗

1 = −q∗
1 y1 − η∗

10, ψ4 = a4 e−η∗
2 , −η∗

2 = −q∗
2 y1 − η∗

20,

χ1 = b1 eζ1 , ζ1 = r1z1 + ζ10, χ2 = b2 eζ2 , ζ2 = r2z1 + ζ20,

χ3 = b3 e−ζ ∗
1 , −ζ ∗

1 = −r∗
1 z1 − ζ ∗

10, χ4 = b4 e−ζ ∗
2 , −ζ ∗

2 = −r∗
2 z1 − ζ ∗

20,
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Figure 2. (2, 2, 4)-soliton solution. p1 = 2 + 2i, p2 = 1 + 3i, p3 = 2 − 2i, p4 = 1 − 3i, s1 =
−1 + i, s2 = −2 + 3i, s3 = −1 − i, s4 = −2 − 3i, q1 = −2 + i, q2 = −3 + 2i, q3 = −2 − i, q4 =
−3 − 2i, r1 = 1 + i, r2 = 1.5 + i, r3 = 1 − i, r4 = 1.5 − i, ε1 = ε2 = δ1 = δ2 = 1. The top left
graph is −L, the top right graph is S(1) and the bottom graph is S(2) at t = 3.

a1 = p2 − p1

q2 − q1
(s1 − p1)(s2 − p1), b1 = s2 − s1

r2 − r1
(p1 − s1)(p2 − s1),

a2 = p1 − p2

q1 − q2
(s1 − p2)(s2 − p2), b2 = s1 − s2

r1 − r2
(p1 − s2)(p2 − s2),

a3 = ε1
p1 + p∗

1

q1 + q∗
1

p2 + p∗
1

q2 + q∗
1

(s1 + p∗
1)(s2 + p∗

1), b3 = δ1
s1 + s∗

1

r1 + r∗
1

s2 + s∗
1

r2 + r∗
1

(s∗
1 + p1)(s

∗
1 + p2),

a4 = ε2
p1 + p∗

2

q1 + q∗
2

p2 + p∗
2

q2 + q∗
2

(s1 + p∗
2)(s2 + p∗

2), b4 = δ2
s1 + s∗

2

r1 + r∗
2

s2 + s∗
2

r2 + r∗
2

(s∗
2 + p1)(s

∗
2 + p2),

εi = ±1, δi = ±1 (i = 1, 2),

and x1 = x, x2 = −iy, y1 = y − t, z1 = y − t .
Figures 2 and 3 show the (2, 2, 4)-soliton interaction. In figure 3, an interesting soliton

interaction of V-shape solitons and breather-type solitons is found. This interesting interaction
is made by the effect of the complicated condition for reality and complex conjugacy. The
similar interaction patterns were found in the case of one component [15].

4. Concluding remarks

We have derived two-component analogue of the two-dimensional long wave–short wave
interaction equations. Then, we have presented Wronskian solutions to the system.
Interestingly, the direction of a soliton on S(1) is different from one of a solitons on S(2).
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Figure 3. (2, 2, 4)-soliton solution. p1 = 2 + 3i, p2 = 3 − i, p3 = 2 − 3i, p4 = 3 + i, s1 =
2 + 2i, s2 = 4 + 2i, s3 = 2 − 2i, s4 = −4 − 2i, q1 = 2 + i, q2 = 2.01 + i, q3 = 2 − i, q4 =
2.01 − i, r1 = 1 + i, r2 = 1.5 + i, r3 = 1 − i, r4 = 1.5 − i, ε1 = ε2 = δ1 = δ2 = −1. The top left
graph is −L, the top right graph is S(1) and the bottom graph is S(2) at t = 0.

This is a special phenomenon in the case of two-dimensional vector soliton. We also found the
interesting soliton interaction patterns including V-shape and breather-type soliton solutions.

Note that the generalization to an N-component system is possible. In the N-component
case, the solutions are constructed from (N + 1)-component Wronskian of the (N + 1)-
component KP hierarchy.

Recently, another two-dimensional analogue of long wave–short wave interaction
equations was derived asymptotically in [25]. The integrability and the existence of N-soliton
solution of this system is unknown. The study of multi-component generalization of this
system is also interesting.

The detail of analysis of soliton interaction will be presented in the forthcoming paper.
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Appendix

We show how to derive the elements of Wronskian satisfying the condition(
g

f

)∗
= ḡ

f
,

(
h

f

)∗
= h̄

f
, fG : real.
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Consider the following three-component Wronskian:

τNML =∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 ϕ
(1)
1 · · · ϕ

(N−1)
1

ϕ2 ϕ
(1)
2 · · · ϕ

(N−1)
2

.

.

.
.
.
.

.

.

.

ϕN+M+L ϕ
(1)
N+M+L · · · ϕ

(N−1)
N+M+L

.

.

.

.

.

.

.

.

.

.

.

.

ψ1 ψ
(1)
1 · · · ψ

(M−1)
1

ψ2 ψ
(1)
2 · · · ψ

(M−1)
2

.

.

.
.
.
.

.

.

.

ψN+M+L ψ
(1)
N+M+L · · · ψ

(M−1)
N+M+L

.

.

.

.

.

.

.

.

.

.

.

.

χ1 χ
(1)
1 · · · χ

(L−1)
1

χ2 χ
(1)
2 · · · χ

(L−1)
2

.

.

.
.
.
.

.

.

.

χN+M+L χ
(1)
N+M+L · · · χ

(L−1)
N+M+L

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

where ϕi are functions of x1, x2 and satisfy

∂x2ϕi = ∂2
x1

ϕi,

ψi are arbitrary functions of y1, χi are arbitrary functions of z1, and

ϕ
(n)
i = ∂n

x1
ϕi, ψ

(n)
i = ∂n

y1
ψi, χ

(n)
i = ∂n

z1
χi.

This τNML satisfies(
D2

x1
− Dx2

)
τN+1,M−1,L · τNML = 0,(

D2
x1

− Dx2

)
τN+1,M,L−1 · τNML = 0,

Dx1Dy1τNML · τNML = 2τN+1,M−1,LτN−1,M+1,L,

Dx1Dz1τNML · τNML = 2τN+1,M,L−1τN−1,M,L+1.

Setting

f = τNML, g = τN+1,M−1,L, ḡ = τN−1,M+1,L,

h = τN+1,M,L−1, h̄ = τN−1,M,L+1,

these τ -functions satisfy(
D2

x1
− Dx2

)
g · f = 0,(

D2
x1

+ Dx2

)
ḡ · f = 0,(

D2
x1

− Dx2

)
h · f = 0,(

D2
x1

+ Dx2

)
h̄ · f = 0,

Dx1

(
Dy1 + Dz1

)
f · f = 2(gḡ + hh̄).

Applying the transformation of the dependent variables

S1 = g

f
, S̄1 = ḡ

f
, S2 = h

f
, S̄2 = h̄

f
, L = −(2 log f )x1x1 ,

we obtain

∂2
x1

S1 − LS1 − ∂x2S1 = 0,

∂2
x1

S̄1 − LS̄1 + ∂x2 S̄1 = 0,

∂2
x1

S2 − LS2 − ∂x2S2 = 0,

∂2
x1

S̄2 − LS̄2 + ∂x2 S̄2 = 0,

−(
∂y1 + ∂z1

)
L = 2(S1S̄1 + S2S̄2)x1 .

Applying the change of independent variables

x1 = x, x2 = −iy, y1 = y − t, z1 = y − t,
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i.e.,

∂x = ∂x1 , ∂y = ∂y1 + ∂z1 − i∂x2 , ∂t = −∂y1 − ∂z1 ,

we obtain

∂2
xS1 − LS1 − i(∂t + ∂y)S1 = 0, ∂2

x S̄1 − LS̄1 + i(∂t + ∂y)S̄1 = 0,

∂2
xS2 − LS2 − i(∂t + ∂y)S2 = 0, ∂2

x S̄2 − LS̄2 + i(∂t + ∂y)S̄2 = 0,

Lt = 2(S1S̄1 + S2S̄2)x.

In the above solution, we consider the replacements of N,M and L by

N → 2N, M → N, L → N,

i.e., consider

f = τ2N,N,N g = τ2N+1,N−1,N ḡ = τ2N−1,N+1,N

h = τ2N+1,N,N−1 h̄ = τ2N−1,N,N+1.

Setting

ψ2N+1 = ψ2N+2 = · · · = ψ4N = 0, χ1 = χ2 = · · · = χ2N = 0,

we have

τ2N+n+m,N−n,N−m =∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1 ϕ
(1)
1 · · · ϕ

(2N+n+m−1)
1

.

.

.
.
.
.

.

.

.

ϕ2N ϕ
(1)
2N · · · ϕ

(2N+n+m−1)
2N

ϕ2N+1 ϕ
(1)
2N+1 · · · ϕ

(2N+n+m−1)
2N+1

.

.

.
.
.
.

.

.

.

ϕ4N ϕ
(1)
4N · · · ϕ

(2N+n+m−1)
4N

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

ψ1 ψ
(1)
1 · · · ψ

(N−n−1)
1

.

.

.
.
.
.

.

.

.

ψ2N ψ
(1)
2N · · · ψ

(N−n−1)
2N. . . . . . . . . . . . . . . . . . . . . . . . . .

0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
χ2N+1 χ

(1)
2N+1 · · · χ

(N−m−1)
2N+1

.

.

.
.
.
.

.

.

.

χ4N χ
(1)
4N · · · χ

(N−m−1)
4N

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Note that this determinant is 0 if N − n > 2N or N − m > 2N . Consider the following table
of nonzero τ -functions:

m = N τ2N,2N,0 τ2N+1,2N−1,0 · · · τ4N−1,1,0 τ4N,0,0

m = N − 1 τ2N−1,2N,1 τ2N,2N−1,1 · · · τ4N−2,1,1 τ4N−1,0,1

...
...

...
...

m = −N + 1 τ1,2N,2N−1 τ2,2N−1,2N−1 · · · τ2N,1,2N−1 τ2N+1,0,2N−1

m = −N τ0,2N,2N τ1,2N−1,2N · · · τ2N−1,1,2N τ2N,0,2N

n = −N n = −N + 1 n = N − 1 n = N

The τ -function in the centre on the table is corresponding to f :

τ2N,2N,0 τ2N+1,2N−1,0 · · · · · · · · · τ4N−1,1,0 τ4N,0,0

τ2N−1,2N,1 τ2N,2N−1,1 · · · · · · · · · τ4N−2,1,1 τ4N−1,0,1

...
... h

...
...

...
... ḡ f g

...
...

...
... h̄

...
...

τ1,2N,2N−1 τ2,2N−1,2N−1 · · · · · · · · · τ2N,1,2N−1 τ2N+1,0,2N−1

τ0,2N,2N τ1,2N−1,2N · · · · · · · · · τ2N−1,1,2N τ2N,0,2N .
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Now we want to find the condition of complex conjugacy (f : real, ḡ = g∗, h̄ = h∗, where
∗ means complex conjugate). For the function τ2N+n+m,N−n,N−m, the bilinear equations of
two-dimensional Toda lattice

Dx1Dy1τ2N+n+m,N−n,N−m · τ2N+n+m,N−n,N−m = 2τ2N+n+m+1,N−n−1,N−mτ2N+n+m−1,N−n+1,N−m,

Dx1Dz1τ2N+n+m,N−n,N−m · τ2N+n+m,N−n,N−m = 2τ2N+n+m+1,N−n,N−m−1τ2N+n+m−1,N−n,N−m+1,

are satisfied. Since the function τ4N,0,0 depends on only x1, x2, the following bilinear equations
are satisfied:

Dx1Dy1

τ2N+n+m,N−n,N−m

τ4N,0,0
· τ2N+n+m,N−n,N−m

τ4N,0,0
= 2

τ2N+n+m+1,N−n−1,N−m

τ4N,0,0

τ2N+n+m−1,N−n+1,N−m

τ4N,0,0
,

Dx1Dz1

τ2N+n+m,N−n,N−m

τ4N,0,0
· τ2N+n+m,N−n,N−m

τ4N,0,0
= 2

τ2N+n+m+1,N−n,N−m−1

τ4N,0,0

τ2N+n+m−1,N−n,N−m+1

τ4N,0,0
.

The table of solutions of these bilinear equations is as follows:
τ2N,2N,0

τ4N,0,0

τ2N+1,2N−1,0

τ4N,0,0
· · · · · · · · · τ4N−1,1,0

τ4N,0,0
1

τ2N−1,2N,1

τ4N,0,0

τ2N,2N−1,1

τ4N,0,0
· · · · · · · · · τ4N−2,1,1

τ4N,0,0

τ4N−1,0,1

τ4N,0,0
...

...
h

τ4N,0,0

...
...

...
...

ḡ

τ4N,0,0

f

τ4N,0,0

g

τ4N,0,0

...
...

...
...

h̄

τ4N,0,0

...
...

τ1,2N,2N−1

τ4N,0,0

τ2,2N−1,2N−1

τ4N,0,0
· · · · · · · · · τ2N,1,2N−1

τ4N,0,0

τ2N+1,0,2N−1

τ4N,0,0
τ0,2N,2N

τ4N,0,0

τ1,2N−1,2N

τ4N,0,0
· · · · · · · · · τ2N−1,1,2N

τ4N,0,0

τ2N,0,2N

τ4N,0,0
.

Since the function τ0,2N,2N does not depend on x1, the following bilinear equations are also
satisfied:

Dx1Dy1

τ2N+n+m,N−n,N−m

τ0,2N,2N

· τ2N+n+m,N−n,N−m

τ0,2N,2N

= 2
τ2N+n+m+1,N−n−1,N−m

τ0,2N,2N

τ2N+n+m−1,N−n+1,N−m

τ0,2N,2N

,

Dx1Dz1

τ2N+n+m,N−n,N−m

τ0,2N,2N

· τ2N+n+m,N−n,N−m

τ0,2N,2N

= 2
τ2N+n+m+1,N−n,N−m−1

τ0,2N,2N

τ2N+n+m−1,N−n,N−m+1

τ0,2N,2N

.

The table of solutions of these bilinear equations is as follows:
τ2N,2N,0

τ0,2N,2N

τ2N+1,2N−1,0

τ0,2N,2N

· · · · · · · · · τ4N−1,1,0

τ0,2N,2N

τ4N,0,0

τ0,2N,2N
τ2N−1,2N,1

τ0,2N,2N

τ2N,2N−1,1

τ0,2N,2N

· · · · · · · · · τ4N−2,1,1

τ0,2N,2N

τ4N−1,0,1

τ0,2N,2N

...
...

h

τ0,2N,2N

...
...

...
...

ḡ

τ0,2N,2N

f

τ0,2N,2N

g

τ0,2N,2N

...
...

...
...

h̄

τ0,2N,2N

...
...

τ1,2N,2N−1

τ0,2N,2N

τ2,2N−1,2N−1

τ0,2N,2N

· · · · · · · · · τ2N,1,2N−1

τ0,2N,2N

τ2N+1,0,2N−1

τ0,2N,2N

1
τ1,2N−1,2N

τ0,2N,2N

· · · · · · · · · τ2N−1,1,2N

τ0,2N,2N

τ2N,0,2N

τ0,2N,2N

.
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Consider the case in which the relations

τ4N−1,1,0

τ4N,0,0
=

(
τ1,2N−1,2N

τ0,2N,2N

)∗
,

and

τ4N−1,0,1

τ4N,0,0
=

(
τ1,2N,2N−1

τ0,2N,2N

)∗
,

are satisfied. If we choose elements in the solution in section 3 as ϕi, ψi, χi , these relations
are satisfied, and we also note that the relations

f

τ4N,0,0
=

(
f

τ0,2N,2N

)∗
,

g

τ4N,0,0
=

(
ḡ

τ0,2N,2N

)∗
,

h

τ4N,0,0
=

(
h̄

τ0,2N,2N

)∗
,

are satisfied. From these relations, we conclude that the complex conjugacy condition(
g

f

)∗
= ḡ

f
,

(
h

f

)∗
= h̄

f
, fG : real,

whereG is an exponential factor which is a gauge function, is satisfied for the solution presented
in section 3.
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